We compute the two-loop anomalous dimension matrix in the scalar sector of planar N = 3 flavored ABJM theory. Using coordinate Bethe ansatz, we obtain the reflection matrices and confirm that the boundary Yang-Baxter equations are satisfied. This establishes the integrability of this theory in the scalar sector at the two-loop order. * bainan@ihep.ac.cn
Introduction
Integrability in planar four-dimensional N = 4 super Yang-Mills theory [1] and three-dimensional ABJM theory [2] makes the non-perturbative computations in the planar limit possible even for some non-supersymmetric quantities [3] . In both cases, the single trace gauge invariant composite operators are mapped to states on a closed spin chain and the anomalous dimension matrix (ADM) of these operators can be mapped to Hamiltonian of the spin chain. The first evidence of the integrability came from the fact that the Hamiltonians in the scalar sector obtained from the leading-order perturbation theory are integrable [4, 5, 6] .
In the four dimensional case, one can add flavors to this N = 4 super Yang-Mills theory or first perform some orientifold projections and then add certain flavors to obtain N = 2 supersymmetric gauge theories. Here by flavors, we mean matter fields in the fundamental or anti-fundamental representation of the gauge group. It was found that both theories with flavors are integrable at one-loop order [7] - [9] . In these cases, the single trace operators built only with fields in the adjoint representation of the gauge group are still mapped to states of a closed spin chain. There are also gauge invariant composite operators with fields in the (anti-)fundamental representation in two ends and fields in the adjoint representation in the bulk.
1 These operators are mapped to states of an open spin chain.
In the original N = 6 ABJM theory, the gauge group is U(N c )×U(N c ) and there are matters in the bi-fundamental representation of the gauge group. We can add matters in the (anti-)fundamental representation of either U(N c ) group. After adding flavors, the maximal supersymmetry one can achieve is three-dimensional N = 3 supersymmetry [10, 11, 12] . There was speculation that flavored ABJM theory should also be integrable [13] , however no progress has been reported in this direction. In this paper, we will fill the gap and establish the two-loop integrability of this theory in the scalar sector.
For gauge theory with fundamental matters, there are two choices one can make when the planar (large N c ) limit is taken. One is the 't Hooft limit in which we let the number of flavors N f fixed. In this case, the contributions from Feynman diagrams involving fundamental matter loops will be suppressed. Another choice is the Veneziano limit in which we let N f go to infinity as well and keep the ratio N f /N c finite. In this case, one should also include the planar Feynman diagrams involving fundamental matter loops. In this paper, we will work in the 't Hooft limit. This limit will simplify our computation greatly comparing with the Veneziano limit.
As in four dimensional cases, there are two types of gauge invariant composite operators one can consider in the scalar sector of flavored ABJM theory. The operator of the first type is built with bifundamental fields only. It is just the trace of product of bi-fundamental scalars placed alternatingly in the (N c ,N c ) and (N c , N c ) representations of the gauge group. These operators are also the ones which appear in the scalar sector of ABJM theory and can be mapped to states of an alternating closed spin chain. In the 't Hooft limit, the computation of ADM of these operators is exactly the same as the one in ABJM theory, so we no longer need to repeat the study here. This type of operator will be called 'single trace operator'. The second type of gauge invariant operators will involve (anti-)fundamental scalars at two ends besides the bi-fundamental ones in the bulk. These operators will be called 'mesonic operators' and they can be mapped to states of an open spin chain. The main task of this paper is to compute the two-loop ADM of these mesonic operators and show that the corresponding Hamiltonian of this spin chain is integrable. In the 't Hooft limit, the bulk part of the Hamiltonian is the same as the one in ABJM theory and thus we only need to perform two-loop computations to get the boundary part of the Hamiltonian which involves both nearest and next-to-nearest neighbour interactions. Among them, there are two-site trace operators which do not exist in the total bulk Hamiltonian. The boundary terms will break the original SU(4) R symmetry of the bulk interaction into SU(2) R × SU(2) D . We tried a lot to prove or disprove the integrability of the Hamiltonian based on algebraic Bethe ansatz, but we have not been successful yet.
This led us turn to the coordinate Bethe ansatz. In the context of AdS/CFT integrability, the coordinate Bethe ansatz method has been applied in [14] to show the integrability of an open spin chain model from giant gravitons. In this approach and for open chain, one should compute the bulk S-matrix and the reflection matrix (boundary S-matrix) and in order to show the integrability, one should check whether the Yang-Baxter equation (YBE) and the reflection equation are satisfied. The bulk S-matrix is the same as the one in ABJM theory which has already been computed in [15] to check the correctness of the all-order S-matrix proposed in [16] . We confirmed that YBE is satisfied by this S-matrix. As for the boundary reflection, we notice that it mixes magnons of different types and this is quite different from the case in four-dimensional SYM with fundamental matters [17, 7] where the boundary reflection is diagonal. By solving the eigenvalue problem of the total Hamiltonian in the one-magnon sector based on coordinate Bethe ansatz, we find the boundary reflection matrix. Finally by verifying the reflection equations, we confirm that the flavored ABJM theory is indeed integrable.
The paper is organized as follows. In the next section, we will review the action of N = 3 flavored ABJM theory and re-write it into a manifestly SU(2) R invariant form. Section 3 is devoted to the computation of the boundary part of the two-loop Hamiltonian. Reflection matrix is computed in section 4 and integrability is proved in this section as well. We will discuss some further directions in the final section of the main text. Three appendices are included to provide some technical details.
in bifundamental representations and two gauge multiplets V andV in adjoint representations,
There are four kinds of flavors introduced by hypermultiplets belong to fundamental or anti-fundamental representations of each gauge group
with arbitrary number of N f 1 and N f 2 . The total action S = S CS + S mat + S pot in N = 2 superspace can be formulated as the sum of the following three parts:
• Chern-Simons part
where the supercovariant derivatives are
• matter part
• superpotential part
with the superpotential
2.2 The action in N = 2 component field formulation
The component expansions of our superfields are
Notice that the expansions of the vector superfields are in Wess-Zumino gauge.
Following the treatment of deriving the component form of ABJM action [18] , we integrate out those auxiliary fields and then we find the total action becomes,
where the covariant derivatives are defined as,
We put the lengthy expressions of the potential terms in appendix A together with the on-shell values of auxiliary fields.
The action in N = 3 component field formulation
In order to obtain a manifestly SU(2) R invariant theory, we combine the component fields into the following doublet form
where the explicit SU(2) R R-symmetry index a is raised and lowered by the anti-symmetric tensor ǫ ab and ǫ ab with ǫ 12 = −ǫ 12 = 1.
3
In light of the work in [19] where a N = 3 Chern-Simons Yang-Mills theory was given, we re-write the above action into a manifestly SU(2) R invariant form in terms of these new fields as
with the fermionic part of the potential
In the following we will also use i, j, · · · as R-symmetry indices. 4 Our convention for symmetrization is f (ab) = 1 2 (f ab + f ba ) and f (a|B|b) = 1 2 (f aBb + f bBa ). 5 In fact, there is a mistake in eq.(A.4) of the paper [10] : the second and the fourth terms should be corrected as q where flavor indices are suppressed. Thus, we demonstrate the enhancement of the R-symmetry to SU(2) R by the explicit construction of the action. Besides the SU(2) R symmetry, the theory also has SU(2) D symmetry acting on the A index of X aA . The above action is the starting point of our perturbative calculations.
3 Two-loop perturbative calculations and the Hamiltonian
In this section, we will compute the ADM of gauge invariant composite operators. We will perform the calculations in the 't Hooft limt with
Since the ADM of single trace operators is the same as the one in the ABJM theory, we only need to consider the mesonic operators. We focus on two types of mesonic operators,
where L > 2 and the contraction of the color indices is implied. We note that these composite operators are built up without trace operations since they are bounded on both sides by (anti-) fundamental matters. Our aim is to extract the ADM from the two point correlation function through 2-loop Feynman diagram computations. The calculations concerning only the bi-fundamental fields in the bulk are the same as those for the single trace operator tr(XX † · · · XX † ) in ABJM theory and have been carried out carefully in [5, 6] 8 . Here we will concentrate on the boundary part and show the details of the derivation of ADM ofÔ. For the operatorÔ ′ , the whole procedure is identical and we will give the result directly in the end.
Boundary three-site scalar interactions
First we compute the contribution of the six-point vertex on the left boundary shown in Fig.1 . 6 We will further set N f1 = N f2 = 1 without loss of generality and then neglect the flavor indices for simplicity. 7 There exist two other types of composite operators sharing essentially the same structures as those considered in the main text, namely,
, and we will not repeat the similar analysis here. 8 In marginally deformed ABJM theories, similar calculations have been performed in [20, 21] .
The contribution of six scalar interaction vertex on the left boundary
The relevant interaction terms in the N = 3 Lagrangian are:
Let us analyze these interaction vertices separately and mainly focus on the flavor structure as follows:
• V 3 B :
We will use dimensional regularization to isolate the divergence and set d = 3 − ǫ with the relation: ǫ −1 = log Λ 2 where Λ is the momentum space cutoff. The two-loop integral in Fig.1 reads
where the factor [i] comes from the six-point vertex and (−i) 3 comes from the scalar propagator. The rest part of the above formula is a loop integral evaluated in Euclidean space and the factor i 2 accounts for the Wick rotation. There is also a factor N 2 c from the contraction of color indices. Putting these together and noting that the contribution to the operator renormalization is negative of the quantum correction, we find the left boundary three-site scalar interaction gives
The contribution from the right boundary can be obtained simply by some replacements of indices and we get
Boundary two-site Yukawa type interactions
The Feynman diagram of the boundary two-site contribution consists of two Yukawa type vertices and a fermion loop depicted in Fig.2 .
Figure 2: The contribution of Yukawa interactions on the left boundary
The involved interaction vertices are listed below:
We have ignored the diagrams whose internal fermions belong to the fundamental flavors because such diagrams will be generically suppressed by a factor of N f /N c in the 't Hooft limit. Now let us investigate the flavor structure arising from all possible combinations of the above vertices.
•
The remaining loop integral is
where the factor 2/2! is from the coefficient of the second order expansion of the interaction terms and
2 come from the scalar and fermion propagators and the vertices respectively. The factor (−1) is from fermion loop accounting for the Fermi-Dirac statistics. Gathering all these data, we find the final counter-term contributing to the dilatation operator is
For the right boundary, it is
The two-loop Hamiltonian
There is another two-site diagram concerning the exchange interaction of gauge bosons, however, this Feynman diagram can only give constant contribution since the gauge propagators do not carry flavor indices. As for the various one-site diagrams representing the wave function renormalization, it is easy to see that they also lead to constant pieces. Note also that the two two-bulk-site trace operators in H B l and H B r are canceled by the bulk two-site interactions. And this cancelation makes the whole bulk Hamiltonian to be in the same form as the one derived from the single trace operator in ABJM theory. Finally, the two-loop Hamiltonian associated with the ADM of the composite operatorÔ reads
with (H l )
where the basic operators I, P and K are defined as
and the exact value of the coefficient α will be determined later by the BPS condition of the corresponding vacuum state. For operatorÔ ′ , the two-loop Hamiltonian is
where
We would like to mention some features of the boundary interaction. It breaks the SU(4) R symmetry of the bulk interaction into SU(2) R ×SU(2) D . It includes both nearest and next-to-nearest neighbour interactions, especially the two-site trace operators 9 which do not appear in the bulk interaction.
Integrability from coordinate Bethe ansatz
In this section, we will prove the integrability of flavored ABJM model by showing that the boundary reflection matrices satisfy the reflection equations. These reflection matrices are obtained by the concrete constructions of Bethe ansatz solutions of the Hamiltonian. We begin with the composite operatorÔ which naturally corresponds to an open spin chain state and the vacuum or the Bethe reference state is chosen to be
For the case of single impurities, the Hamiltonian in eq.(52) reduces to
In appendix B, we will demonstrate that the vacuum is a BPS state, so its scaling dimension receives no quantum corrections. This determines α to be 2λ 2 . We now use a conventional way to label the bulk fields as A and B types as follows,
There are three types of one-particle excitations, bulk A type : Y and under the action of H r ,
where the spin chain is symbolised as |l(1)(2) · · · (x) · · · (L)r with every site (x) containing two fields. We use the excitation with its position to label the state and use |x without subscript to denote any of |x
Here we see the novelty of our model where different states can mix and nontrivial boundary reflections will appear unlike those parallel studies in SYM with fundamental matters [17, 7] . Then we find that only the superposition of several different one-particle spin wave functions can be constructed as an eigenstate of the Hamiltonian and we can extract the boundary reflection matrix by solving the corresponding eigenvalue equations.
Two-particle mixed sector
We consider the superposition of the spin wave functions of particles A 2 and B 1 as follows,
where the Bethe ansatz for the wave functions are
Using our Hamiltonian, we find that
and
The eigenvalue equation H|ψ 1 = E(k)|ψ 1 gives:
• The bulk part (x = 1, L),
Substituting eq.(83) and eq. (84) into the above equations, we have the following dispersion relation for the proposed spin wave,
• The left boundary part,
Using eqs. (87) and (88), the above coupled equations become
By the plane wave expansions of eq.(83) and eq. (84), we find the relations
The solution is
We define the left reflection matrix K l (k) in this sector by
So from the above solution, we have,
• The right boundary part,
which can be reduced to
This gives
Solving the above two equations, we get
Following [22] , we define the right reflection matrix K r (k) in this sector by
Then we get
The consistency of eq. (96) and (105) gives
This is the quantization conditions for our spin wave momenta k as well as the Bethe equation for this two-particle mixed sector.
Four-particle mixed sector
Now we turn to another closed sector which consists of four excitations
The spin wave takes the form
with
Plugging eqs.(117) and (118) into these equations, we readily have
which means
The equations are easily solved as
This gives the left reflection matrix in this section
which imply
From these equations, we can get
Then the right reflection matrix in this sector is
recalling the definition of right reflection matrix in eq. (106).
The compatibility of the eqs. (133-135) with the solutions (128) requires
Therefore we get the Bethe equation of this sector and we also note that the effective length of the spin chain is 2L + 2 since two more boundary excitations participate in the interaction with the bulk excitations.
The full left reflection matrix K l is then found to be 
For the spin chain associated with the operatorÔ ′ , following the similar procedure shown above, we find the same reflection matrix after modifying the phase factor e 2ikL in the definition of right reflection matrix (106) into e ik(2L+1) . This modification is due to the different effective length of the open spin chain. For the same reason, the Bethe equations for the two-particle and four-particle sectors will also be slightly modified. In order to prove the integrability of the Hamiltonian, we also need to know the bulk two-loop S-matrix which has been derived in [15] using coordinate Bethe ansatz. We review this bulk S-matrix in appendix C. Equipped with the boundary and bulk scattering matrices, with the help of Mathematica program, we can verify the following reflection equations
which, together with the validity of (bulk) YBE, guarantee the integrability of our open spin chain.
Conclusion and discussions
In this paper, we studied the two-loop integrability of planar N = 3 flavored ABJM theory in the scalar sector. Rewriting the complete action in a manifestly SU(2) R invariant way is the first step of the two-loop computation. Working in 't Hooft limit, we only need to compute the ADMs of composite mesonic operators which naturally correspond to states on an open alternating spin chain. Taking the 't Hooft limit also tremendously simplifies the computation of the ADMs of this class of operators since the computation for the bulk part remians the same as the one in ABJM theory. The final result of this computation can be re-expressed as a Hamiltonian on this open spin chain. It seemed hard to prove the integrability of this Hamiltonian by the algebraic Bethe ansatz method and for this reason we seek help from coordinate Bethe ansatz . We considered one-excitation states and computed the left and right reflection matrices. Using these and the bulk two-loop S-matrix computed in [15] , we verified the reflection equations for both sides of the open spin chain. This established the two loop integrability of planar flavored ABJM theory in the scalar sector.
The immediate next step is to find the eigenvalues of the Hamiltonian. For this, we need to solve an eigenvalue equation constructed from the S-matrices and the reflection matrices [25, 26, 22] . To solve this eigenvalue equation, off-diagonal Bethe ansatz (ODBA) [23] seems necessary here since the reflection matrices at both sides are non-diagonal 10 . One may also try the algebraic Bethe ansatz from the beginning by solving the boundary Yang-Baxter equation obtained in this approach and analyze what kind of solution could reproduce the boundary Hamiltonian. We remind that nested coordinate Bethe ansatz [25, 27] may be another choice as well.
One can also study the integrability of flavored ABJM theory in the Veneziano limit with N c , k, N f 1 , N f 2 → ∞ and N c /k, N f 1 /N c , N f 2 /N c fixed. In this case, the computation of the ADM will be much more complicated. For both single trace operators and mesonic operators, some Feynman diagrams previously omitted due to N f i /N c suppression should be included now. And although the mixing between certain single trace operators and flavor-singlet mesonic operators like
